The ultrarelativistic limit of twodimensional dilaton gravity is presented and its associated (anti-)selfdual energy momentum tensor is derived. It is localized on a null line, although the line element remains twice differentiable. Relations to the Aichelburg-Sexl spacetime and constant dilaton vacua are pointed out. Geodesics are found to be smooth for minimally coupled test particles but non-smooth -with a finite jump in the acceleration -for test particles coupled non-minimally to the dilaton. Quantization on boosted backgrounds is discussed; no anomalous trace of the energy momentum tensor arises and the 1-loop flux component can be adjusted to be equal to the classical flux of the shock wave. *
Introduction
In their by now classical work [1] Aichelburg and Sexl (AS) calculated the ultrarelativistic (UR) limit of the Schwarzschild geometry. That is to say the form of the gravitational field as it appears to an asymptotic observer moving very rapidly relative to the the black hole. It turns out that the gravitational field is completely concentrated on a null-hyperplane and that the spacetime is flat above and below the pulse. More precisely the geometry represents an impulsive pp-wave [2] ds 2 = 2dudv − dx 2 + 8pδ(u) log(ρ)du 2 , ρ := x ix i ,
where u, v denote linear null coordinates andx refers to the transversal spacelike coordinates in Minkowski space. The mass parameter p defines the physical scale. The matter content is localized on a single generator of the pulse-plane, which immediately gives rise to the dual interpretation of the AS-geometry as the gravitational field of massless particle in Minkowski space. The latter interpretation inspired 'tHooft and Dray [3] to a remarkable generalization of the AS-geometry. They were able to construct a solution of the Einstein equations describing the change in the gravitational field of a Schwarzschild black hole due to a massless particle that moves along a particular generator of the horizon. Both interpretations have inspired various generalizations like UR limits of other black hole geometries [4, 5, 6] as well as changes in gravitational fields due to a massless particle [7] where general conditions for the applicability of the 'tHooft-Dray procedure where clarified in ref. [8] . In the present work we will use the second interpretation to construct impulsive solutions of twodimensional dilaton gravity. (In the appendix we will briefly comment on the first interpretation)
This work is organized as follows: sect. 2 briefly reviews dilaton gravity in two dimensions. In sect. 3 the UR limit is treated: the energy-momentum 1-form is derived by the patching procedure and the behaviour of geodesics of test-particles is discussed. Sect. 4 is devoted to quantization of and on such geometries. The final sect. 5 contains a brief summary and possible generalizations of the obtained results.
Classical dilaton gravity
In the 1990-ies the interest in dilaton gravity in two dimensions (2D) was rekindled by results from string theory [9, 10] , but it existed as a field on its own more or less since the 1980-ies [11] . For a review on dilaton gravity ref. [12] may be consulted. For sake of self-containment the study of dilaton gravity will be motivated briefly from a purely geometrical point of view.
The notation of ref. [12] is used: e a = e a µ dx µ is the dyad one-form dual to E a -i.e. two-form is denoted by ǫ = e + ∧ e − . Signs and factors of the Hodge- * operation are defined by * ǫ = 1.
Since the Einstein-Hilbert action M2 R ∝ (1 − g) yields just the Euler number for a surface with genus g one has to generalize it appropriately. The simplest idea is to introduce a Lagrange multiplier for curvature, X, also known as "dilaton field", and an arbitrary potential thereof, V (X), in the action
M2
(XR + ǫV (X)). In particular, for V ∝ X the Jackiw-Teitelboim model emerges [11] . Having introduced curvature it is natural to consider torsion as well. By analogy the first order gravity action [13] 
can be motivated where X a are the Lagrange multipliers for torsion. It encompasses essentially all known dilaton theories in 2D. For simplicity the discussion will be restricted to the so-called a−b family [14] of dilaton gravity models, i.e. actions of the type
with
Among a variety of other interesting models also the spherically reduced Schwarzschild black hole (BH) belongs to this class (a = 1/2 = −b). There can be at most one (nonextremal) Killing horizon for each solution of such a model. We will comment on the generic case in sect. 5.
In the absence of matter all classical solutions can be constructed locally and globally [15] . In a patch where X + = 0 the solution can be presented in generalized Kerr-Schild form:
Evidently there is always a Killing vector ξ α ∂ α = ∂/∂u. The constant M is proportional to the Casimir function in the language of first order gravity and to the ADM mass in the language of General Relativity (whenever this concept is well-defined, i.e. asymptotic flatness). The light-like coordinate u has been chosen in outgoing form for sake of definiteness. The radial coordinate r and the dilaton X are related by a coordinate transformation which is singular at the origin and in the asymptotic region. The background metric of the ground state geometry (M = 0) in outgoing Eddington-Finkelstein gauge is given by
For Minkowski Ground State (MGS) models the relation a = b + 1 guarantees a flat background metric and thus reduces from generalized Kerr-Schild type to ordinary one. The curvature scalar associated with the Levi-Civitá connection (but in general, i.e. for a = 0, it is not associated with the connection ω)
has potential singularities only at X = 0 and/or at X = ∞, depending on the specific values of a, b and (to a lesser extent) B. In the derivation of (6) it has been assumed that X + = 0. It is not possible to impose the same requirement on X − because it changes sign at a Killing horizon.
Ultrarelativistic dilaton gravity
Because the equations of motion (22)- (26) are obviously invariant under boosts one has to be careful in constructing a meaningful UR limit. In fact, one has to define properly what is meant by "UR limit". Suppose the considered geometry exhibits a Killing horizon. Then, also all boosted geometries will show this feature. However, eventually we would like to peform an infinite boost and at the same time let M → 0 such that a nontrivial limit emerges.
1 It should be emphasized that boosting the spherically reduced Schwarzschild BH is quite different from boosting its fourdimensional ancestor, because the latter, when boosted, explicitly breaks spherical symmetry, while the former by construction always remains spherically symmetric (the employed boosts are radial ones). Therefore, methods which work well in four dimensions need not be suitable in the twodimensional realm.
A possible strightforward definition is to consider boosts with respect to the background metric (6), du → du exp γ, dv → dv exp (−γ) with dv = dr + du · X b−a+1 B/(2(b + 1)), to take the limit γ → ∞, and to fix the scaling behavior of M in (5) such that the whole term f (r)(du) 2 survives the limit in a well-defined way [1] . Unfortunately, this route is rather difficult to pursue for generic dilaton gravity, because, for instance, solutions need not be asymptotically flat.
Alternatively, one can try to obtain the curvature scalar as a well-defined distribution and use it to construct a distributional energy-momentum tensor. Then, the UR limit can be obtained relatively easy [5] . Although the first part is possible to a certain extent (cf. appendix B) the second part fails because curvature is not related directly to the energy-momentum tensor (cf. appendix A). Instead, the energy-momentum 1-form is generated by derivative terms of the auxiliary fields X ± in eq. (23). Thus, it seems to be a good idea to construct the UR limit from this perspective, i.e. to focus on the geometric properties 2 of X ± .
The patching procedure
The following observation is very helpful in constructing the UR limit: the global diagram of the Schwarzschild BH can be interpreted as a double covering of a single Eddington-Finkelstein (EF) patch ( fig. 1 or a mirror version thereof; one of the Lagrange multipliers for torsion has a definite sign in the whole patch while the other one changes its sign at the Killing horizon -for instance, in region B (A) X − > 0 (X − < 0), while X + > 0 in the whole patch). In the AS limit 1 Clearly, letting just M → 0 yields something trivial. On the other hand, taking the UR limit without scaling M to zero yields a singular spacetime.
2 If the twodimensional theory has been obtained by reducing a higherdimensional Einstein theory then the auxiliary fields X ± are typically certain components of the higherdimensional spin connection. For instance, for spherically reduced gravity they enter the 1-form ω i a ∝ (EaX)e i , where a = ± and i = θ, φ (cf. e.g. appendix A of ref. [12] ). For many practical purposes one can think of X ± as the expansion spin coefficients ρ and ρ ′ (both are real).
A B Figure 1 : Single EF patch the mass goes to zero, the horizon vanishes, but the double covering structure is kept per definitionem. The possible limiting geometries are displayed in fig.  2 . The distinguishing features of the EF patches in the context of dilaton gravity are the signs of X ± : in any one of the four possible patches (each of which covering half of the spacetime) either X + or X − has a definite sign, while the other quantity changes its sign on the Killing horizon. Thus, we propose to construct the UR limit as follows: take a classical solution of dilaton gravity in a patch with, say, X + > 0; take the limit M → 0; repeat the same with a patch where X + < 0; join these two solutions and calculate the induced matter flux along the matching surface where X + = 0.
The energy-momentum tensor
The crucial observation is that such a patching implies discontinuity of the quantity X + ,
Eq. (23) then induces the existence of a localized energy-momentum 1-form
This resembles the analogue expression in four dimensions [5] if presented as
The quantity X + 0 is a scale parameter essentially defining the units in which energy is being measured. It can be fixed to 1 in "natural units". The other directional derivative of the dilaton, X − , vanishes in the UR limit because the conservation equation following from (22) , (23)
implies that X − has to vanish for nonvanishing X + in the double limit M, B → 0 (in fact, the limit B → 0 is sufficient because M scales with √ B, cf. eq. (5.11) of [12] ). Figure 2 : Various limits of the Schwarzschild BH: B means infinite boost (yielding a rather pathological spacetime where the singularity coincides with the horizon), M implies mass to zero (providing Minkowski space as limit), and AS is the AS limit where simultaneously the boost parameter tends to infinity and the mass to zero (again one obtains Minkowski space except for a certain value of the outgoing EF coordinate u = u 0 where a shockwave propagates)
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with γ → −∞ then everywhere this transformation cancels, except at the horizon u = u 0 (simply because X − remains zero, as much as it would like to get boosted) where additionally X + vanishes in this limit. By continuity one can patch a whole region u 1 < u < u 0 (a blow-up of the shock wave) with this feature which will be nothing but a constant dilaton vacuum (CDV), i.e. a solution with X + = 0 = X − , X = const., 4 while for u > u 0 the standard solution (5) can be applied in the limit M → 0. Beyond u < u 1 the second EF patch X + < 0 can be pasted. To undo the blow-up one has to take the limit u 1 → u 0 .
The line element
The line element is very simple, provided the background geometry is either flat (MGS models
However, if this is claimed to be the nontrivial UR limit where is, indeed, the nontriviality? After all, if we take, say, spherically reduced Schwarzschild and perform the indicated steps only Minkowski spacetime is obtained, but there does not seem to be a trace of a shock wave. Consequently, it is somewhat puzzling that all curvature invariants are continuous but nevertheless a shock wave emerges as displayed by (9) . This possibility is a special feature of dilaton gravity. 6 It has been observed previously [16] in the context of the kink solution of the dimensionally reduced gravitational Chern-Simons term [17] . As noted before, the energy-momentum 1-form is not induced by non-smoothness in curvature, but by a jump in one of the directional derivatives X ± of the dilaton field X entering the equation of motion (23) . It is worthwhile mentioning that only (anti-)selfdual matter fluxes can be generated in this way. Although they do not affect the line-element they deform the dilaton profile (the dilaton as a function of the non-Killing coordinate) which aquires a kink. So if one thinks of the dilaton as being part of geometry (as it would be natural in the context of dimensionally reduced theories) 7 then, 4 The limit B → 0 has to be employed to guarantee consistency with the equations of motion. This agrees with the scaling behaviour of the mass M → 0 reatining a finite ADM energy (e.g. as given by eq. (5.11) of [12] ; the quantity −C 0 in that equation corresponds to M in the present work). 5 More general cases -neither MGS, nor Rindler, nor (A)dS -will be addressed in sect. 5. 6 In Einstein gravity obviously continuity of the Ricci tensor implies continuity of the energy-momentum tensor. In dilaton gravity the dilaton field deforms the way in which gravity interacts with matter. This is displayed clearly in eqs. (23), (24) and (26) . 7 Even for generic dilaton theories (not neccessarily in 2D) it is sometimes possible to interpret the dilaton geometrically in terms of a volume element density independent from the metric [18] .
indeed, geometry is deformed in the UR limit, albeit the intrinsically 2D line element is not.
Geodesics of test particles
As a direct consequence of the continuity of the curvature geodesics of test particles crossing the critical line u = u 0 do not receive a kick from the shock, i.e. they pass continuously and without kink through it. This is quite different from the behavior of test particles crossing the AS shock [19] . The reason for this discrepancy is of course that the shock is not generated by the twodimensional metric but rather by the dilaton field. Therefore, similar features as in four dimensions can only be expected if test particles are coupled to the dilaton field (as would be natural in the framework of dimensionally reduced theories). Alternatively -in the Schwarzschild case -one can "undo" the dimensional reduction, i.e. study test particles in four dimensions by adding the angular part −XdΩ 2 to the (flat) twodimensional line element. Since this calculation is quite instructive we will provide it explicitly: The geodesic equation
can be decomposed according to the standard 2-2 split into an angular part (indices from the middle of the alphabet) and into an intrinsic 2D part (indices from the beginning of the alphabet) -see for instance appendix A of [12] . Quantities with tilde on top are intrinsic quantities with respect to the reduced theory or the sphere, respectively. A brief calculation yields:
The angular equation (14) implies thatũ iũ i X 2 has to be constant along a 4D geodesic. Inserting this result into (13) yields an effective force,
which is proportional to the first derivative of the dilaton field X. Thus, if the latter jumps 8 at the shock front the geodesics of 4D testparticles are continuous and differentiable but not their velocities (which are just continuous), even though the intrinsic 2D geometry might be smooth.
Quantization on and of UR geometries
When discussing the quantization we will exclusively refer to a massless scalar field φ which, however, can be coupled nonminimally to the dilaton field:
with φ ± := dφ ∓ * dφ. In the (anti-)selfdual case φ + (φ − ) vanishes, respectively. If F (X) = const. we will call the scalar field minimally coupled, otherwise nonminimally coupled. First, we would like to present an intriguing reinterpretation of the UR limit: if one performs a path integration not over the scalar field φ but separately path integrates its (anti-)self dual components φ ± then one obtains, for instance, the anti-self duality condition φ − = 0 as a constraint from the path integral over the self dual component. Of course, this path integration by no means is equivalent to the proper one over φ. But it provides a somwhat unexpected tool to genereate the UR limit. In a sense, the components φ ± decouple from each other, much like fermions in the chiral limit do. Note that either φ + or φ − has to vanish as a constraint, depending on the order of integration, while the other one remains completely unconstrained. These two possible orders of path integration correspond to the two possible orientations of the Carter-Penrose diagram of the UR geometry, cf. fig. 3 . It could be worthwhile to exploit this observation also in other contexts.
Quantization of geometry
Of course it is not possible to quantize geometry in a background independent way in the context of a specific background (the UR geometry). However, one can impose the limit B → 0 discussed in footnote 4 already at the level of the action and try to quantize the resulting geometry in a background independent manner. In fact, this already has been done for generic dilaton gravity with matter [20, 21] and it remains to discuss the special features that arise due to B = 0. Models of this type have been called "generalized teleparallel theories" in ref. [21] and they are particularly simple (e.g. the virtual black hole phenomenon is absent for these models). The reason for this simplicity (or rather triviality) is that assuming the UR limit already in the action before the quantization eliminates all interesting perturbations. Thus, it will be more relevant to discuss quantization of matter on such a background.
Quantization on geometry
For minimally coupled matter quantization on the UR background yields the same result as quantization on the ground state geometry because the kink in the dilaton profile is not felt by the modes of the scalar field (in the same way that intrinsically twodimensional test particles did not feel the shock wave). However, for nonminimal coupling new effects can be expected. Indeed, the 1-loop effective action (6.42) of [12] 
employed by many authors [22] contains derivative terms of the dilaton und thus θ-and δ-functions will arise. Therefore, we are going to discuss this issue in technical detail following the approach of Christensen and Fulling [23] in full analogy to sect. 6.2 of [12] (cf. also references therein). In order to match with the definitions used in that section the redefinition X = exp (−2Φ) will be applied. We will restrict to the MGS case; thus, there is no background curvature and any nontrivial effect will be solely due to the kink in the dilaton profile. The zeroth step is to check whether or not the classical trace of the energymomentum tensor vanishes. Obviously this is the case for (9) as T + contains only a flux component T ++ but no trace component T +− . The first goal is to obtain the anomalous trace, e.g. by heat kernel methods and ζ-function regularization (for a recent review cf. [24] ). Since all distributions enter only linearly the smeared ζ-function has a well-defined distributional limit (heat kernel methods have been applied successfully in the presence of singular boundaries in the context of the brane-world scenario [25] ; also there, as a rule of thumb, if an expression is well-defined, i.e. no "squares of δ-functions" arise, the heat kernel coefficients can be calculated). For vanishing background curvature the anomalous trace reads [26] 
Since the dilaton is only continuous it seems that the anomalous trace acquires a δ-function and possibly a θ 2 contribution. To simplify the discussion lightcone gauge will be employed, (ds) 2 = 2dzdz, u = z, ∇ 2 = 2∂ z ∂z, and T
Since the dilaton depends only on z the first term in (18) disappears. The second term vanishes because it is proportional to X + X − and X − = 0 in the UR limit. Thus, there is no anomalous trace in the UR limit. The second step is to consider the energy-momentum (non-)conservation
and to derive the flux component T zz from it. Obviously the term on the right hand side containing the 1-loop effective action (17) vanishes for minimal coupling. If a flux exists it is usually called "Hawking flux". Its asymptotic limit is normally related to a Hawking temperature T H by virtue of the 2D Stefan-Boltzmann law T zz | asy. = T 2 H π/6. In the present case the left hand side of (19) simplifies to ∂zT zz while the right hand side contains an antiholomorphic integration constant g(z) coming from (1/ )R (the holomorphic contribution to this term vanishes after differentiation)
Thus, the flux component is given by
The holomorphic function f (z) can be fixed 9 such that it coincides with the classical flux in (9) .
Since the background geometry -including the dilaton -allows for a Killing vector ∂z this symmetry should be obeyed by the energy-momentum tensor. Thus, the antiholomorphic part of (1/ )R has to vanish and therefore g(z) = 0. As a result, the only flux at 1-loop level is given by the classical flux. In a sense, the shock wave emerging from/as the UR BH provides its own Hawking radiation.
Discussion
Exploiting the double cover structure of Carter-Penrose diagrams, the UR limit of the ab-family (4) of twodimensional dilaton gravity (3) has been constructed. Although the line element (12) is twice differentiable for Minkowski-, Rindler-, or (A)dS-ground state theories (i.e. models where the ground state geometry (6) behaves correspondingly) and thus curvature is continuous the energy-momentum 1-form acquires a distributional term (9) resembling the analogous expression in higher dimensions. Alternative approaches to construct the UR limit which work well in D = 4 did not seem to work straightforwardly for generic dilaton gravity.
Clearly, the proposed procedure works also for more generic dilaton gravity models, provided the related Carter-Penrose diagramm exhibits the double covering feature. For convenience, here is again the prescription:
• Take two copies of patches of the ground state solution (vanishing Casimir) of (2) for a given V, one with X + > 0 and one with X + < 0 in the whole patch (X + has been chosen for definiteness -of course, the same procedure works as well for X − ; this freedom corresponds to the two possible orientations of the boosted geometry displayed in fig. 3) • Glue them together along a u = const. line, i.e. solve eq. (23) with (8) and extract the ensuing energy-momentum 1-form; it will always be equivalent to the one in (9), regardless of the underlying model; the factor X + 0 = 0 defines the energy scale
• The line element is globally given by the one for the ground state solution with the possible exception of the light like line u = u 0 where the shock wave is located
There is a slight caveat for geometries which are not of the form (12) : although the patching works in the same way the blow up scenario discussed below eq. (10) does not work anymore. However, one can adopt the viewpoint that nevertheless the "correct" UR limit is defined to be the patched geometry. We leave it as an open problem how to define the UR limit for more complicated geometries (e.g. the solution G11 on p. 26 of the second ref. [15] ) that arise in the context of twodimensional dilaton gravity.
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A Equations of motion
The equations of motion derived from (3) read dX + X − e + − X + e − = 0 ,
(d ± ω)e ± − ǫ aX
The quantities
contain the couplings to matter where L (m) is the (unspecified) matter Lagrangian 2-form. T ± is the energy-momentum 1-form. It is useful to study the continuity properties: if the curvature scalar is continuous then connection and torsion must be differentiable and the dyad must be twice differentiable (of course the metric inherits this property). If X + and/or X − is discontinuous then the dilaton profile has a kink, but it remains continuous; the energy-momentum 1-form T ± acquires a δ-function. Note that the first equation (22) allows to interpret the Lagrange multipliers X ± as directional derivatives of the dilaton by contracting it with E ± (using dX = e a E a X): X ± = ±E ∓ X.
B Distributional curvature
For simplicity we restrict ourselves to MGS models. Then, the only source for a singularity is the factor aX + X − /X in the action (3). It can be regularized, for instance, in the following manner:
The regularized theory is still a dilaton gravity model, albeit not of the a − b family anymore. The minus sign in (27) has been adjusted for consistency with the notation in [12] . The corresponding curvature scalar 10 turns out as
The dilaton and the radial coordinate are now related by
